UM

Wahr oder falsch: Im Graph oben sind die Knoten mit den Bezeichnungen v und w benachbart.

Bitte wahlen Sie eine Antwort:

O Wahr

)Q:alsch

Sei G = (V, E) ein Graph mit 4 Knoten vy, v, v3, v4. Nehme an, dass

deg(v;) = 1, deg(vy) = 2, deg(vs) = 3, deg(vy) = 2.

Wie viele Kanten hat G? (Die Antwort sollte aus einer einzelnen ganzen Zahl b hen.)

Antwort: L'-

Wahr oder falsch: Der Graph oben hat einen Eulerzyklus.

Bitte wéhlen Sie eine Antwort:

O Wahr

)Galsch

Wahr oder falsch: Der Graph oben hat einen Hamiltonpfad.

Bitte wéhlen Sie eine Antwort:

NVahr

O Falsch

Sei G = (V, E) und nehmen Sie an, dass alle Knoten von G einen geraden Knotengrad haben. Erinneren Sie sich an den Algorithmus walk aus
der Vorlesung:
walk(u):

falls eine Kante {u, v} existiert, die nicht markiert ist:

markiere die Kante {u, v}

walk(v)

Sei u € V ein Knoten von G. Welche der folgenden Aussagen muss nach der Ausfiihrung von walk(u) wahr sein?

(Folgend wird eine Kante als inzident zu u bezeichnet, wenn sie die Form {u, v} hat, wobei v ein anderer Knoten in G ist,)

Wahlen Sie eine oder mehrere Antworten: @/\‘O\C

() a. Die gesamte Anzahl markierter Kanten in G ist gerade. /O\

6]
O/

O b. Die gesamte Anzahl markierter Kanten in G ist ungerade. \
%\c. Die gesamte Anzahl der nicht markierten Kanten, die inzident zu w sind, ist gerade.

(O d. Die gesamte Anzahl der nicht markierten Kanten, die inzident zu w sind, ist ungerade.
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You are planning a road trip for your summer holidays. You want to start from city Cj, and follow the

only road that goes to city C), from there. On this road from Cy to C), there are n — 1 other cities

Ci,...,C,_1 that you would be interested in visiting (all cities C, ..., C,_1 are on the road from Cj

to Cy,). For each 0 < i < n, the city Cj is at kilometer k; of the road for some given 0 = ko < k1 <
< kpo < k.

Exercise 7.2 Road trip.

You want to decide in which cities among C', . . . , C},—1 you will make an additional stop (you will stop
in Cj and C,, anyway). However, you do not want to drive more than d kilometers without making a
stop in some city, for some given value d > 0 (we assume that k; < k;—1 + d for all ¢ € [n] so that
this is satisfiable), and you also don’t want to travel backwards (so from some city C; you can only go
forward to cities C; with j > 7).

(a) Provide a dynamic programming algorithm that computes the number of possible routes from Cj to
C), that satisfy these conditions, i.e., the number of allowed subsets of stop-cities. Your algorithm
should have O(n?) runtime.

In your solution, address the following aspects:

A) Dimersionen. der DP-Talodle: A (n+4)
2) Teiprolem: DPC'\—)—‘#YY@%){C\AC UJE% von Co ois G die in G Stoppen

) Relwrsion: . PPCOY=4 (B .C)

DPCiy= 2 DPCy)
05

ki-kjed

) Rerecnungralenfole: . mit - stciggndem )
) Ausleen der Lﬁsunﬂ: DPCn]}

0) loufeeit: O(n2)

(b) If you know that k; > k;_1 + d/10 for every i € [n], how can you turn the above algorithm into a
linear time algorithm (i.e., an algorithm that has O(n) runtime) ?



Exercise 7.3  Safe pawn lines.

On an N x M chessboard (/V being the number of rows and M the number of columns), a safe pawn
line is a set of M pawns with exactly one pawn per column of the chessboard, and such that every two
pawns from adjacent columns are located diagonally to each other. When a pawn line is not safe, it is
called unsafe.

The first two chessboards below show safe pawn lines, the latter two unsafe ones. The line on the third
chessboard is unsafe because pawns d4 and e4 are located on the same row (rather than diagonally);
the line on the fourth chessboard is unsafe because pawn a5 has no diagonal neighbor at all.

7, 7, +4/A

1 b%d%f 1%%b%%

Describe a DP algorithm that, given N, M > 0, counts the number of safe pawn lines on an N x M
chessboard. Your solution should have complexity at most O(N M).

A Dimersioren der DP-Taloele: w1V

2) TeitprokRem:  DPCi )= #sofe poun. tines. ouf Ny j Schocnbrett
mit. dem  Retektn Bouvemin ife i
3) Rekyrsion:  DPCi, 'Jj=DPCi—4,)-ﬂ+'DPQ+4, 3773

DPC4,53= D?Cl,\)-A]
DPCN, 7= DPCN-4, 3 4]
OPCi 1= 4 (Rose Cose)

¥) Rerechmungaralenfoop: Siogndes )
N
5) Auslesen der lﬁsunﬂ: gb@a m

0) (oufzet:  QUMMN)
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Exercise 8.5  Short questions about graphs (2 points).
In the following, let G = (V, E) be a graph, n = |V| and m = | E|.

(a) Let v # w € V. Prove that if there is a walk with endpoints v and w, then there is a path with
endpoints v and w.

° ()\368 lJ\): \}:\IQ,V4I...,Vn=w
Cose M: W st Plod
Cee @) (O st kein Prod ‘;W

W NoyVu, oy Ny, ee 2 Vig Vi
O.BA.A. i =¥

For each of the following statements, decide whether the statement is true or false. If the statement is
true, provide a proof; if it is false, provide a counterexample.

(b) Every graph with m > n is connected.

O

(c) If G contains a Hamiltonian path, then GG contains a Eulerian walk.

(d) If every vertex of a non-empty graph (& has degree at least 2, then (& contains a cycle.
Annalime: & hot keinen Yyeis —> agle. Z2HK's von G sind Baume
Rounve Waloen n-4 e
jeder Yvoky Grod = 2 = Hondshaglemma mind. v iy 7
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¢) Graph quiz: For each of the following claims, state whether it is true or false. You get 1P for

a correct answer, -1P for a wrong answer, OP for a missing answer. You get at least 0 points
in total.

As a reminder, here are a few definitions:

A walk is a sequence of vertices vy, ..., v such that for every two consecutive vertices v;, v; 41
there exists an edge from v; to v; ;.

A path vi,..., v is a walk with the additional property that v; # v; whenever i # j (i.e., all
vertices are distinct).

A length-(k —1) simple cycle v1, ..., v is a walk where additionally vy = v, v; # v; whenever
i < j <k (ie., all vertices except the endpoints are distinct), and k > 4 (so v1 — va — v1 is
not allowed).

An Eulerian tour is a walk in a graph that visits every edge exactly once and returns to the
starting vertex.

A graph is Eulerian if it contains an Eulerian tour.

Claim true false
Every vertex in a connected Eulerian graph G' = (V, E) with X .
|[V| > 2 has at least 2 neighbors.

In a graph suppose there exists a path with endpoints a and b,

and a path with endpoints b and ¢(a, b, ¢ are distinct vertices). }2( O

Then there exists a path with endpoints a,c.

For any tree T = (V, E) with |V| > 10, we can always add a single
edge e € E between two vertices in V' such that the resulting graph -
contains a simple cycle of length 4 as a subgraph. (The vertex set is N

not allowed to change.)




