£-1I

Consider the following pseudocode snippet:

i 1

while i < n:

i—i+1

j+«1

while j < n:
j—Jj+1
f0

Which of the following expressions correctly describes the exact number of calls to f?

A (Z0-(£)

Which sorting algorithm from the lecture does the pseudocode snippet below implement?
forj=1,2,...,ndo:

fori =1,2,...,n — 1do:
if Ali] > Ali + 1] then:
Swap Ali] and A[i + 1]

. a) Bublesort
0) Seeckionsort
Q) mer‘gesort
d) nsertionsort

Which of the following sorting algorithms have the invariant that: after j steps, the j largest elements are at their correct place?
}S{ Mergesort
Selectionsort
Bubesort
thtéonsort

Every comparison-based algorithm for searching in a sorted array of size n needs at least Q(log n) comparisons for every ingut.
Tue or Folke <
%

Suppose we apply insertion sort to the array A, = [2,3,4,...,n — 1,n,1].
(Eg, A7 = [2&3\,/% 51')6\3 7\/,}] )-

Let s(n) be the number of swap operations that are performed before the array is fully sorted (in ascending order).
Which of the following statements about s(n) is true?

S = Ot

) s =QudD
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b) We say that a bitstring S” is a (non-empty) prefix of a bitstring S if S is of the form S|0..i] where
0 < i < length(.S). For example, the prefixes of S = “0110” are “0”, “01”, “011” and “0110”.

Given a n-bit bitstring S, we would like to compute a table 7" indexed by 0..n such that for all 4,
T'[i] contains the number of prefixes of S with exactly i ones.

For example, for S = “01107, the desired table is 7 = [1,1, 2,0, 0], since, of the 4 prefixes of S, 1
prefix contains zero “1”, 1 prefix contains one “1”, 2 prefixes contain two “1”, and 0 prefix contains
three “1” or four “1”.

Design an algorithm PREFIXTABLE that computes 7" from S in time O(n), assuming S has size n.
Describe the algorithm using pseudocode. Justify the runtime (you don’t need to provide a formal
proof, but you should state your reasoning).

Algorithm 2 - (O(n)

function PREFIXTABLE(S) TG = #prefixes of S with exocsﬁ\tj i ons

T[0..n] + a new array of size (n + 1) > Initialize array

s+ 0

fori«0,..., n —1do > Enumerate all prefixes S|0..i]
s+ s+ S[i] > s saves the number of “1” in S[0..1]
T[s] « T[s] +1 > S[0..1] is a prefix with s “1”

return T'

(c) Consider an integer m € {0,1,...,n — 2}. Using PREFIXTABLE and SUFFIXTABLE, design an al-

gorithm SPANNING(m, k, S) that returns the number of substrings S[i..j] of S that have exactly k
ones and such that i < m < j.

For example, if S = “0110”, k = 2, and m = 0, there exist exactly two such strings: “011” and
“0110”. Hence, SPANNING(m, k, S) = 2.

Describe the algorithm using pseudocode. Mention and justify the runtime of your algorithm (you
don’t need to provide a formal proof, but you should state your reasoning).

Hint: Each substring S[i..j| withi < m < j can be obtained by concatenating a string S[i..m] that
is a suffix of S[0..m| and a string S[m + 1..j] that is a prefix of S[m + 1..n — 1].

Algorithm 3

function sPANNING(m, k, S)
Ty « surFIXTABLE(S[0..m])

T < PREFIXTABLE(S[m + 1..n — 1])

min(k,m+1)
return 0 70k (neme1)) (T1[P] - T2[k = p])

Runtime: O(n).

Aufpe 310)
(b) Prove the following statements.

Hint: For these examples, computing the limits as in Theorem 1 is hard or the limits do not even exist.
Try to prove the statements directly with inequalities as in the definition of the O-notation.

(1) VrZ+n+1=06(n)
(2) Yo log(i*) = Q(n?logn)
Hint: Recall exercise 1.2 and try to do an analogous computation here.
(3) log(fn.2 +n)=0(og(n+1))= @(KQSU\ﬂ
(/0 N = € Antenad | edntaznaa ! (a0 = na A

N n n
(2) 2_eaqitd = Z_ - gl) = (2_73- g i) = 4. Qoa &)= &ZCnQQogn\
=4 =4 g

) Qoa(m)é QOa(nl’r o) = @3(0 - Q) = Qog(rﬂ + QOSQ\«D 3 Q\QQ%QN )
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Algorithm 2

1+ 1
while 7z < 2n do
71
while j < i* do
k+n
while &k > 1 do
IO
ke—k-1
j—7+1
141+ 1

apy 2 2n n : n
#colls = Z Z_n=. i3n= nZA’I2> =n- 12—02—1;= = 0Wwd)
s = =4 124 1=

O_



Fall Armg ist unsortiert — Qineare: Suce

for i<41.n do
it Alid=l then yetum
return “nicht 9emnden'

Fall: Aoy ist sortiert — lbinare Suche

ldee:  pimm mittlres Eeement Atm, k qesuchter wert
~wenn Alwl=key , holown  wir. das Eement gefunden, yoy!
~Alml>key = sudhe @nks. ueiten (rekursiv)
~AUMI<KRY = sudR  rednts witer (vetursiv)

BINARY-SEARCH(A[l..n], b)

1l 1:r+n > Initialer Suchbereich
2 while / < r do
3 m+ |[(£+71)/2]

1 if Alm|] = b then return m > Element gefunden
5 else if A[m| > b then r « m — 1 > Suche links weiter
6 else / «+ m+1 > Suche rechts weiter

7 return “Nicht vorhanden”

(oudzert: O(log n)

(ae\ﬂt e RS — Nein

Reuris mit Hitfe eines &tsch@duvgsmums
innere. Knoten 2 Vergleich
Blotter 2 Rudplevoerte
Hohe des Boums 2 #Verofeidne iy worst cose.

. Jedes Eeement. muss szfunol@n werden torinen » Option "nickt: gpfunden’”
—= wmind. n+4 ot

[Vﬁm

n+A

= ned = #noen im Entschejdunaslmum = q , Gu Brairoouime. derr Hole W max & =4 folen ol kdnren

S h> (Ogﬂ(v\ﬂn—/\ =ﬂ(\%n}

ned



BURLSORT

Invanionte: Vlach  tterctionen - der ayderen Schlarfe sind die | gro(bten. Etamerke
on- der rich’dgeﬂ Stelle

Loufeeit: G(n) V@rg%dne, Oln®) \Iextouschumsm = 0(1Y)

Peeudocode: for je—4...n do
for i<=1..n-A do
if ACIT>ACI+AT en. Suwop

CLLLCTIONSONT

Invarionte: Vlach ; tteratonen_der aySeren. Schlefe sind die | gro(oten Etamente
on. der vichtigen Stelle

(aufzeit: Q) Vergleiche , Ot Vertausdhungen - => (1)
Pseudocode: for j=n..4 do

k<=ndex des MMoximums in. ATA i1
vertaustie A3 und Akl

SERTIONSORT

Invariante: ach  iterotionen sind die ersten & Elamente sortert
—oindire e

Laufzeit: On g \I@g\e\me, Q). Vertauschungen = O
Pseudocde: INSERTION-SORT(A[1..n])

1 for j < 2,3,.... n do

2 k « kleinster Index in {1,..., J — 1} mit A[j] < A[k]
> A[j] gehdrt an diese Stelle k

3 z + Alj] > merke Alj)
1 verschiebe A[k,.. ., j—1] nach Ak +1,..., 7l
5 Alk] + =

ERGLSRT

[dee: - Array Sortieren 05 N ein atowores E&ment ergitt
“Tetarvays mergen undl doloer sortieren

Loufzeit: On g n)



PSQUdC[(Xje MERGESORT(A[1..n], 1, 7)

> sortiert All,.... 7]

1 if I < r then

2 m+ |[(l+1)/2]

3 MERGESORT(A, l,m)

4 MERGESORT(A,m + 1,7)
5 MERGE(A, l,m, )

> sortiere linke Hilfte
> sortiere rechte Hilfte
> verschmelze beide Hdlften

MERGE(A[1..n],l,m,7)

1 B + new Array with r — [ + 1 cells

2 i1

3jem+1
4 k1
5 while i < m and j < r do

6 if Ali] < A[j] then

7 Blk] + Ali]
8 i i+1

9 k—k+1
10 else

11 Blk] + Alj]
12 jej+1
13 k—k+1

14 iibernimm Rest links bzw. rechts

15 kopiere B nach A[l,...,r|

> so gross wie A[l, ... 7]

> erstes unbenutztes Ele-
ment in linker Hilfte

> erstes unbenutztes Ele-
ment in rechter Hilfte

> ndichste Position in B
> beide Hilften noch nicht

ausgeschipft

> wenn die andere Hilfte
ausgeschipft ist




Claim true false

There exist arrays of length n which can be sorted with BubbleSort after K . BQ\SP'\QQ ;
O(n) swaps.

There exist arrays of length n for which the runtime of InsertionSort is O(n). | O JZ(

There exist a comparison-based sorting algorithm that can sort any array of

length n in runtime O(n).

Claim | true false

n—=A4 n<
In the worst case, selection sort needs less swaps than insertion sort. )Z( O

The worst case for bubble sort is when the array is already sorted. O K

e) Sorting algorithms:

Below you see four sequences of snapshots, each obtained during the execution of one of the
following five algorithms: InsertionSort, SelectionSort, QuickSort, MergeSort,
and BubbleSort. For each sequence, write down the corresponding algorithm.

8 6 4 2 51 3 7 8 6 4 2 51 3 7
6 4 2 5 1 3 78 1 6 4 25 8 37
42513 6 7 8 12465 8 37

Algorithm: Bulolo e Sk Algorithm: Dl QS
816 \4(2\5(113]7 8 6 4 2 5 1 3 7
6 s\2 41 53 7 6 8 4 2 5 1 3 7
2 46 8{(1 3 5 7 4 6 8 2 5 1 37

Algorithm: m@%&("h Algorithm: lnsey ﬁQ(&Y\t

SUIZ3ly



" Sere HSZ3 Proof correctness of Bubdote Sort view princple of motnematicol induction

Hint: Use the invariant I(j) that was introduced in the lecture: “After j iterations the j largest elements
are at the correct place.”

We prove the invariant in the hint by mathematical induction on j.

+ Base Case.
We prove the statement for j = 1. Assume that the largest element of A is at position [ in the
beginning. After the first [ — 1 iterations of the second for-loop, it is still at position /. For all
further steps with i > [, A[i] contains the largest element and thus the largest element is swapped
to position i + 1. Hence, in the end the largest element is at position n, which shows I(1).

+ Induction Hypothesis.
We assume that the invariant is true for j = k for some k € N, k < n, i.e. after k iterations the
k largest elements are at the correct position.

+ Inductive Step.

We must show that the invariant also holds for j = k + 1. By the induction hypothesis the k
largest elements are at the correct position after k steps, i.e. at the positions Aln — k + 1...n].
We now consider step k + 1. Note that in this iteration the positions of the k largest elements
are not changed since for i > n — k, we will never have Ai] > A[i + 1]. Thus, in order to
show I(k + 1) it is enough to show that after step k + 1 also the (k + 1)st largest element is at
the correct position. The (k + 1)st largest element is the largest element of A[1...n — k] (all
elements that are larger than it come later by I(k)). Thus, by the argumentation in the base case,
after i = n — k — 1 iterations in the second for-loop, it is at position A[n — k|. But for the other
k iterations of the second for-loop, nothing changes as was already argued before (the largest
elements do not change their position). Thus, after step k + 1, the k + 1 largest elements are at
the correct position, which shows I(k + 1).

By the principle of mathematical induction, /(j) is true for all j € N, j < n. In particular, /(n) holds,
which means that after the first n iterations the n largest elements are at the correct position. This
shows that after n steps the array is sorted, which shows correctness of the Bubble Sort algorithm.

HS20
g) Sorting algorithms:

i) Consider the sequence 6,5,4,1,2,3. How many swaps does Bubble Sort perform to
sort this sequence? Give the exact number of swaps required.

Al

ii) Consider the sequence 6,5,4, 1,2, 3. How many swaps does Selection Sort perform
to sort this sequence? Give the exact number of swaps required. L'l'

ili) Let n € N be an even number and consider the sequence with the following structure:
2,1,4,3,6,5,...,n,n— 1.

How many swaps does Insertion Sort perform to sort this sequence? Give the exact
number, not just the asymptotics.

n_
<



